Using an ensemble of 535 gauge configurations (on the 24 4 × 48 lattice with a ≃ 0.06 fm and M π ≃ 260 MeV) which are generated by hybrid Monte Carlo (HMC) simulation of N f = 2 lattice QCD with the optimal domain-wall quark, we compute the index of the overlap-Dirac operator, and also measure the clover topological charge in the Wilson flow, Q clover (t), by integrating the flow equation from t = 0 to t = 128 with δt = 0.01. We observe that Q clover (t) of each configuration converges to a value close to an integer, and its nearest integer Q c (t) = round[Q clover (t)] becomes invariant for t ≥ t c , with the max{t c } ∼ 77 for all 535 configurations. For each configuration, we compare the asymptotically-invariant Q c with the index of overlap-Dirac operator at t = 0. It turns out that there are 167 configurations with Q c = index(D o ), amounting to 31.2% of the total 535 configurations. However, the histograms of Q c and index(D o ) are almost identical. Consequently, the topological susceptibility using the asymptotically-invariant Q c agrees with that using the index of overlap-Dirac operator at t = 0. This implies that the topological susceptibility in lattice QCD with exact chiral symmetry can be obtained from the asymptotically-invariant Q c in the Wilson flow.
The vacuum of Quantum Chromodynamics (QCD) has a non-trivial topological structure.
The gauge invariance and cluster property require that the ground state must be the θ vacuum, a superposition of ground states in all topological sectors,
where n is the winding number, and the summation goes over all integer values of n. (For a pedagogical discussion of the θ-vacuum, see, e.g., Refs. [1, 2] ). The topological susceptibility χ t is the most crucial quantity to measure the topological fluctuations of the QCD vacuum, which plays the important role in breaking the U A (1) symmetry, and resolving the puzzle why the flavor-singlet η ′ is much heavier than other non-singlet (approximate) Goldstone bosons. Moreover, the temperature dependence of χ t in QCD is the crucial input to the phenomenology of axion cosmology. Formally, χ t is defined as
where ρ(x) is the topological charge density expressed in term of the matrix-valued field tensor F µν , ρ(x) = ǫ µνλσ 32π 2 tr[F µν (x)F λσ (x)].
From (1) , it gives
where Ω is the 4-dimensional volume of the system, and Q t is the topological charge (which is an integer for QCD). Thus, χ t can be measured by counting the number of gauge configurations in each topological sector.
However, in lattice gauge theory, the space of gauge field is connected and the notion of a topological sector is not well-defined. Moreover, it is difficult to extract ρ(x) and Q t unambiguously from the gauge link variables, due to their rather strong short-distance fluctuations. If one measures the clover topological charge Q clover of any lattice QCD gauge configuration, it most likely turns out to be quite different from an integer. Moreover, its nearest integer Q c = round[Q clover ] is also unreliable, except for the very smooth configurations. There are many proposals to smooth the gauge configuration. However, it is unclear whether any of them can capture the "genuine" topology of a gauge configuration.
Recently, the continuous-smearing [3] or equivalently the Wilson flow [4] has been widely used for smoothing the gauge configuration. Given a gauge configuration A µ , the Wilson flow amounts to solving the discretized form of the following equation with respect to the fictituous flow time t (in unit of a 2 ),
with the initial condition B µ | t=0 = A µ , where
As shown in Ref. [4] , the Wilson flow is a process of averaging gauge field over a spherical region of root-mean-square radius R rms = √ 8t.
Now the first question is what flow time t should be used to measure the clover topological charge Q clover (t) on the lattice. The second question is whether Q clover (t) can capture the "genuine" topological charge of the gauge configuration.
In this paper, we address these two questions in lattice QCD with exact chiral symmetry [5] [6] [7] , in view of that the overlap Dirac operator [6] in a topologically non-trivial gauge field possesses exact zero modes with definite chirality satisfying the Atiyah-Singer index theorem
where n ± is the number of exact zero modes with ± chirality. Thus the index of overlapDirac operator can serve as the "genuine" topological charge for any gauge configuration on the lattice.
Writing the overlap Dirac operator as
where H w = γ 5 D w is the standard Hermitian Wilson operator plus a negative parameter
where Tr denotes trace over Dirac, color, and site indices.
We use an ensemble of 535 gauge configurations which are generated by hybrid Monte Carlo (HMC) simulation of N f = 2 lattice QCD with optimal domain-wall quark [8] , and
Wilson plaquette gauge action, on the 24 4 × 48 lattice with a ≃ 0.06 fm and M π ≃ 260 MeV. Table I of Ref. [9] , for the first study of pseudoscalar decay constants f D and f Ds in N f = 2 lattice QCD with domain-wall fermion. More details of this gauge ensemble are given in Ref. [9] .
For each configuration, we compute n ± zero modes and (200 − n ± ) conjugate pairs of the lowest-lying eigenmodes of the overlap-Dirac operator. We outline our procedures as follows. First, we project 400 low-lying eigenmodes of H 2 w using adaptive thick-restart Lanczos algorithm (a-TRLan) [10] , where each eigenmode has a residual less than 10 −12 .
Then we approximate the sign function of the overlap operator by the Zolotarev optimal rational approximation with 64 poles, where the coefficients are fixed with λ given in Refs. [11, 12] . For each configuration, we use the index of the overlap Dirac operator as the topological charge of this configuration (Q t = n + − n − ), and obtain the topological susceptibility (2)
The histogram of the probability distribution of index(D o ) is plotted in Fig 1 (a) .
Next we perform the Wilson flow by numerically integrating the discretized form of the flow equation (3) from t = 0 to t = 128 with δt = 0.01, and also measure Q clover (t) along the Wilson flow, in which the the matrix-valued field tensor F µν (x) entering (2) is obtained from the four plaquettes (clover) surrounding x on the (μ,ν) plane, i.e.,
where
, and V µ (x) denotes the link variable at the flow time t.
We observe that Q clover (t) of each configuration converges to a value close to an integer (see the examples in Fig. 4) , and its nearest integer Q c (t) = round[Q clover (t)] becomes Recall that the condition for a lattice gauge configuration to fall into a topological sector has been discussed in Refs. [4, 13, 14] . For lattice QCD gauge configuration on the hypercubical lattice, it can be written as min ∀x,µ,ν
where configurations not satisfying (5), amounting to ∼ 0.6% of the total 535 configurations. This implies that (5) is not the necessary condition for a lattice QCD gauge configuration to fall into a topological sector, but a sufficient condition. This can also be seen by comparing Fig.   3 with Fig. 2 . In Fig. 2 , at t = 10, more than 99% of the configurations have reached their asymptotically-invariant Q tc , and have fallen into topological sectors. On the other hand, in Fig. 3 , at t = 10, only about 90% of the configurations satisfy the condition (5).
Next we turn to the second question whether Q tc can capture the "genuine" topological whether the discrepancy also manifests in the topological susceptibility.
Since this gauge ensemble has decomposed into topological sectors after flowing for t ≥ max{t c } ∼ 77, the topological susceptibility χ t (2) can be computed with Q tc , giving
which agress with that (4) using the index of overlap-Dirac operator at t = 0. The histogram of the probability distribution of Q tc is plotted in Fig 1 (b) , which is almost identical to that of the index(D o ) at t = 0 in Fig. 1 (a) . It is interesting to see that the topological susceptibility using the asymptotically-invariant Q c is in good agreement with that using the index of overlap-Dirac operator at t = 0, even though Q tc = index(D o ) for 31.2% of the total configurations. This implies that the topological susceptibility in lattice QCD with exact chiral symmetry can be computed with the asymptotically-invariant Q c in the Wilson flow. To summarize, using an ensemble of gauge configurations of N f = 2 lattice QCD with the optimal domain-wall quark (for which the effective 4-dimensional lattice Dirac operator is exactly equal to the Zolotarev optimal rational approximation of the overlap-Dirac operator),
we compute the index of the overlap-Dirac operator, and also measure the clover topological charge in the Wilson flow, by integrating the flow equation from t = 0 to t = 128 with δt = 0.01. We observe that the clover topological charge Q clover (t) of each configuration converges to a value close to an integer, and its nearest integer Q c (t) = round[Q clover (t)]
becomes invariant for t ≥ t c , with the max{t c } ∼ 77 for all configurations in the ensemble.
This asserts that the gauge ensemble is decomposed into topological sectors for t ≥ max{t c }, similar to the gauge fields in the continuum theory, and also provides the guideline for computing the χ t with the Q clover in the Wilson flow. Moreover, we find that the χ t computed with the asymptotically-invariant Q c agrees with that using the index(D o ) at t = 0. This implies that the topological fluctuations of the QCD vacuum (i.e., χ t , c 4 , · · · ) in lattice QCD with exact chiral symmetry can be obtained with Q tc in the Wilson flow.
